ABSTRACT We propose a reaction-diffusion model of spatial pattern formation whose solutions can exhibit scaleinvariance over any desired range for suitable choices of parameters in the model. The model does not invoke preset polarity or any other adboc distinction between cells and provides a solution to the French flag probleit without sources at the boundary. Furthermore, patterns other than the polar pattern that usually arises first in a growing one-dimensional syst6m described by Turing's model can be obtained. Evidence is given that suggests that the model may apply in the slug stage of Dictyostelium discoideum. (5).
At numerous stages in the development of a multicellular organism, an aggregate of essentially indentical cells undergoes spatially dependent differentiation or pattern formation and new types of cells emerge in the proper spatial relationship. Pattern formation is commonly viewed as the result of the response of individual cells to an underlying spatial pattern of control variables, and a major problem in developmental biology is to discover mechanisms that generate the appropriate spatial pattern of these variables in an aggregate of initially similar cells (1) .
Numerous models in which the control variables are diffusible chemical species called "morphogens" have been proposed, but many invoke ad hoc specialization of boundary or other cells to produce nonuniform distributions of the morphogens. Such models sidestep the fundamental problem, and a more attractive hypothesis, which requires no such prior specialization, is that the pattern arises spontaneously from the interaction between chemical reactions within or on cells and some mode of spatial communication between cells. In its simplest form this idea is due to Turing (2) , who assumed that cells interact via diffusible morphogens, and the standard Turing model is described by a system of reaction-diffusion equations in which kinetic and diffusion coefficients'are taken to be space-and time-invariant. Many of the applications and open questions surrounding the model are discussed in refs. 3-6. Turing's model can provide a plausible explanation for pattern formation in mosaic systems and in systems that regulate by epimorphosis. However, it is less successful in predicting the range of size-or scale-invariance observed in systems, such as Hydra and Dtayostelium discoideum slugs, that regenerate by morphallaxis under appropriate conditions. The reason for the failure is that in Turing's theory the wavelength of growing disturbances is fixed solely by the reaction and diffusion coefficients; the overall size of the system enters only in fixing the number of repetitions of the basic pattern that will fit into the system. According to linear theory, the basic structure of the pattern selected remains invariant only over a limited range of lengths, and numerical computations on model reaction mechanisms show that the same conclusion often holds for the nonlinear theory as well (5) .
The assumption that the kinetic and diffusion coefficients in a reaction-diffusion model are constant is certainly only an approximation, and our purpose here is to show that any desired degree of scale-invariance can be achieved via a simple, yet plausible, mechanism by which the overall size of the system is reflected in these coefficients. We treat in detail a case in which it is assumed that the diffusion coefficients of the morphogens depend on the concentration of a diffusible regulatory species that is produced at a constant rate by all cells, and we show that the desired invariance can be obtained by adjusting the production rate and the rate at which the regulatory species leaks into the sourroundings.
There are several ways in which such concentration-dependence could arise. For [2] 4180
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plus appropriate initial conditions. Here, Do and DI are con stant N X N diagonal matrices, R(C) is the reaction rate vettd (which is independent of CN+ 1), and RN+ 1 denotes the con stant rate of production of the regulatory species. All kineti4 coefficients in R(C) and the mass transfer coefficient h are as sumed to be constant.
In [4] Or n *VCN+1 = 02CN+ 1. Here, 0o KL2/ON+1, 01 RN+ L/hCN+1, and 02 hL/DN+ 1. Hereafter, the overbars will be dropped.
The unique solution of Eq. 4 can be written
+ E e fT/o7k1I/k(k [5] k=O where (f3,1k) is a solution of V241k =-fl1k [6] nD V4/k =-024k, 
The matrix K is the Jacobian of R(c) at c = cs, u = c -Cs, n= a2/KL2 and (,c4,n ) is a solution of Eq. 6 an,/thn-< A/A +. For instance, in a one-dimensional system of length L, an = n r, and therefore the intervals are disjoint for all n such that jr Sn < ( , .1 [8] Now consider what happens as L increases, perhaps due to growth or to rearrangement of the cells. If L is sufficiently small and all ZDi are positive, all nonuniform disturbances decay exponentially in time and the system returns to a uniform state (4, 11) . The smallest length at which cs loses stability is LT and the growing mode at this point is 01, which generally has a simple spatial structure. (For example, in a one-dimensional system, q6I = cosirx/L, which decreases monotonically between +1 and -1.) The largt L for which 01 is linearly unstable is Lt and if a2>a, > VM-l @ the instability interval for 451 is followed by a gap 1Lt,L-j in which all modes are stable according to linear theory. This succession of instability intervals separated by gaps is repeated for higher modes at larger L, but eventually the gaps disappear and the instability intervals overlap for sufficiently large values of n. When this happens several modes are simultaneously unstable and more complicated patterns can result.
If 1 can vary on time and distance scales comparable to those characteristic of the morphogens, and the temporal and spatial variation of the Di must be taken into account. However, when 02 is large, 3o2 0 (10), and so if K-1 >> L2/10 Yg+1, the unique steady-state distribution of the regulatory species is established rapidly compared to the time required for significant changes in the morphogens.
A reasonable estimate for K1 in the present context is 2-3 hr, and if DN+I -10-5 cm2/sec, then the foregoing condition is met if L << 1 cm. It is noteworthy that pattern formation typically occurs in systems whose largest dimension is of the order of 1 mm (12) .
The geometry of S must be known to compute the steadystate distribution, and hereafter we restrict attention to onedimensional systems. In addition, we only consider the special case in which Do = DO -). The The major qualitative difference between these and the trigonometric functions is the behavior at the endpoints. When (A1,A2) = (0,1), the flux at the boundary vanishes because the diffusion coefficient vanishes, whereas for any Al > 0 the boundary conditions imply that d4/dt = 0. When Al is very small there is a boundary layer near D = 0 and D = 1 in which the derivative of the O.s changes rapidly. As A2 varies between 0 and 1 the eigenfunctions vary continuously from the trigonometric functions to the Legendre polynomials. Similarly, the eigenvalues vary continuously between (n7r)2 and n(n + 1) as A2 varies between 0 and 1, and for small A2 the eigenvalues are analytic functions of A2. One finds that the first terms in the power series expansion are a2 = (nir)2A1 + (2 + (6-) 2 + O(A2).
Therefore the eigenvalues increase for small A2 but, since r2 > 1 + 1/n for n 2 1, they must eventually decrease. It is known more generally that, however Al and A2 vary, the eigenvalues of Eq. 10 increase (decrease) whenever Al + A2( -t2) increases (decreases) for all Be [0,11 (13) . Consequently, by maximizing the critical point of VT A2 + A2( -2) over A, one finds that aad2/aA2 < 0 whenever A2> A2 = 1/VX-. We 1. This computation requires the corresponding eigenvalue a2 as a function of the parameters and these eigenvalues have been computed for the lowest modes using a finite-difference approximation to Eq. 10. First, suppose that Bo = 0, which means that the concentration-independent component of the diffusivities is zero, and let CN+ 161 = DN+1 = 10-5 cm2/sec, RN + 1/CN+1 = 2.5 X 10 4sec-1, and K = 10 4sec-1. Fig. 1 shows the dependence of the first nonzero eigenvalue a 2 and the dimensionless wave number Ml on the parameters h and L, and it is apparent from the former that h has a significant effect on the transition between al= I2 L -0. The computations show that the turning points in Fig.   1 Upper are essentially equal to L*, and since L* = 10-5/4h (in cm) when 5o = 0, this accounts for the strong influence of h. [12] Proc. Natl. Acad. Sci. USA 77 (1980) Proc. Natl. Acad. Sci. USA 77 (1980) 4183 The effect of a small nonzero component of the diffusivities 10 _ is shown in Fig. 2 , wherein all parameters but bo are as in Fig.   1 
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4~~~~~~~~~~~~T he mode Al is unstable when ,ue [,usu and we have seen°0.01 0.1 1.0 10 that ,g and u+ are fixed solely by the relative kinetic and diffusion constants of the morphogens. To compute them requires 102 a kinetic model and for illustrative purposes we have used a polynomial model for glycolysis (14) . § This requires three parameters-the input flux, the rate of decay of x, and the normalized diffusivity of y-and these were fixed at 1.0, 0.001, and 0.165, respectively. For these choices s = 1.97 andu+ = 3.08, which are shown as dashed lines in Fig. 1 on the boundary of the system, then perfect scale-invariance results. Although much of our analysis dealt with one-dimensional systems, it is apparent from Eqs. 1 and 5 that perfect scale-invariance results whenever (2o),), vanishes and CN+ 1 is zero on the boundary, irrespective of the number of space dimensions. When (l)O)# # 0 or when the rate of loss of the regulatory species at the boundary is finite, perfect invariance no longer obtains, but we have shown on the basis of a linear analysis that the range of L over which the growing pattern is essentially unchanged can be made as large as desired by adjusting the parameters appropriately. This is certainly adequate in the biological context and if, as we expect, it holds for the nonlinear problem as well, some doubts concerning the applicability of reaction-diffusion models to pattern formation should be removed.
In the preceding section we have emphasized selection of the lowest nonconstant mode, but other modes can certainly be selected. Patterns with any desired number of extrema in the morphogen distributions can be produced and these could be used to trigger differentiation at equally spaced sites in a scale-invariant manner. Indeed, the earlier discussion on the case in which the (DOo)M are zero leads to the conclusion that selection of the desired mode can be accomplished simply by varying the production rate of the regulatory species, and this rate could be programmed genetically.
There are systems that are essentially one-dimensional and exhibit a scale-invariant polar pattern of differentiation. Our results may apply to at least one of these, the slug stage of D. discoideum. It has been proposed (15) that all cells in the slug produce a diffusible substance during normal development, and that the permeability of the surface sheath which surrounds the slug limits leakage of this substance into the environment to the anterior end. These two processes produce an axial gradient of the substance and this gradient could be used in pattern formation. Our model can be readily adapted to apply to this system, even though the properties of the boundary are variable. The simplest case results when the slug is regarded as a cylinder whose boundary is impermeable to the morphogens everywhere and is impermeable to the regulatory species except at the anterior end, where the concentration of this species vanishes. This leads to equations similar to Eqs. 3 and 4 and it can be shown that, when the (o),, are zero, the morphogen distributions are perfectly scale-invariant. The results of numerical calculations for other cases and a discussion of experimental tests of the predictions of the model for this system will be reported elsewhere.
The idea that model parameters may depend on the concentration of other species can certainly be developed further. For instance, it is equally possible that a regulatory species could affect only the kinetic coefficients or both the kinetic and diffusion coefficients. If the regulatory species functions as a pure Vmax inhibitor for all reactions and if CN+ 1 o L2, then all rates are proportional to 1/L2 and perfect invariance results. If not all of the kinetic terms are affected, detailed numerical work is required to determine the degree of invariance present. Some results along these lines are given in ref. 5 . An example of an illuminated reacting system in which pattern size is related to the size of the system is given in ref. 16 .
